Abstract. In this paper, we introduce the notions of pseudo-Riemannian, para-Hermitian and paraKähler structures on hom-Lie algebras. In addition, we present the characterization of these structures.
Introduction
In the study of deformations of the Witt and the Virasoro algebras, Hartwig, Larsson, and Silvestrov introduced the notion of hom-Lie algebras [9] . Indeed, some q-deformations of the Witt and the Virasoro algebras have the structure of a hom-Lie algebra [9, 10] . This algebraic structure has important role among some mathematicians, because of close relation to discrete and deformed vector fields and differential calculus [9, 13] . In particular, hom-Lie algebras on semisimple Lie algebras, omni-hom-Lie algebras and quadratic hom-Lie algebras have been studied in [12] , [17] and [5] , respectively. Also, authors have studied cohomology and homology theories in [1, 7, 18] , representation theory in [14] and hom-Lie Bialgebras in [19] .
An almost product structure on a manifold M is a field K of involutive endomorphisms, i.e., K 2 = Let (g, [·, ·], φ g ) be an hom-Lie algebra and ad : g → End(g) be an operator defined for any u, v ∈ g by ad(u)(v) = [u, v] . We obtain ad(φ g (u))(φ g (v)) = [φ g (u), φ g (v)] = φ g ([u, v]) = φ g (ad(u)(v)).
Moreover, it is easy to see that ad [u, v] • φ g = ad(φ g (u)) • ad(v) − ad(φ g (v))ad(u).
Thus (g, ad, φ g ) is a representation of g, which is called an adjoint representation of g (see [15] , for more details). Proof. In [15] , it is shown that (g, ad, φ g ) is admissible if and only if
Since φ 2 g = id g , the above equations are hold and so (g, ad, φ g ) is admissible. for any u, v ∈ g and α, β ∈ g * .
Proof. Let u, v ∈ g, α, β ∈ g * . Obviously, we have
The hom-Jacobi identity is satisfied, because + ρ(φ g (u))( ρ(v)(γ) − ρ(w)(β)) + ρ(φ g (v))( ρ(w)(α) − ρ(u)(γ)) + ρ(φ g (w))( ρ(u)(β) − ρ(v)(α)) 
In 
Then we get
,
, Ω(φ(e 1 ), φ(e 4 )) = 0 = Ω(e 1 , e 4 ), Ω(φ(e 2 ), φ(e 3 )) =0 = Ω(e 2 , e 3 ), Ω(φ(e 3 ), φ(e 4 )) = 0 = Ω(e 3 , e 4 ),
and
The above relations show that Ω is 2-hom-cocycle and so (g, [·, ·], φ, Ω) is a symplectic hom-Lie algebra.
be an involutive symplectic hom-Lie algebra. Then there exists a hom-left-symmetric algebra structure a on g satisfying
for any u, v ∈ g.
Proof. Let ω ∈ ∧ 2 g * . Then we consider ♭ : g → g * as the isomorphism given by ♭(v) = ω(v, ·) for any v ∈ g, which gives ≺ ♭(u), v ≻= ω(u, v), for any u ∈ g. Since ♭ is a bijective and the adjoint representation of g is admissible, we can define a(u, v) = ♭ −1 ad * φg(u) ♭(v). Using the above expressions we can write
The rest of the proof is similar to Proposition 5.10 in [16] .
) be a finite-dimensional hom-Lie algebra endowed with a bilinear symmetric non-degenerate form <, > such that for any u, v ∈ g the following equation is satisfied 
phism. There exists the unique product · on it which satisfies
This product is called the hom-Levi-Civita.
Proof. At first, we let that this product there exists and then we prove the uniqueness of it. Using (2.11)
we deduce the following
Adding the above three equations give This equation shows that · there exists and it is easy to see that it satisfies in (2.10) and (2.11).
para-Kähler hom-Lie algebras
In this section, we introduce para-complex, para-Hermitian and para-Kähler structures on hom-Lie algebras and we study some properties of para-Kähler hom-Lie algebras.
Definition 3.1. An almost product structure on an involutive hom-Lie algebra
is called almost product hom-Lie algebra.
The above equations deduce (φ g • K) 2 = Idg. Thus, we can write g as g = g 1 ⊕ g −1 , where
If g 1 and g −1 have the same dimension n, then K is called an almost para-complex structure on (g, [·, ·], φ g ) (in this case the dimensional of g is even). The Nijenhuis torsion of φ g • K is defined by
for all u, v ∈ g. An almost product (almost para-complex) structure is called product (para-complex) if
In the following for simplicity, we set N = N φg•K .
Definition 3.2. An almost para-hermitian structure of a hom-Lie algebra
consisting of an almost para-complex structure and a pseudo-Riemannian metric <, >, such that for each
Also the pair (K, <, >) is called para-Hermitian structure if
called para-Hermitian hom-Lie algebra.
Definition 3.3. A para-Kähler hom-Lie algebra is a pseudo-Riemannian hom-Lie algebra
endowed with an almost product structure K, such that φ g • K is skew-symmetric with respect to <, >,
It is easy to see that < φ(e i ), e j >= 0 =< e i , φ(e j ) >, for all i, j = 1, 2, 3, 4, except
Thus (2.10) is hold and so (g, [·, ·], φ g , <, >) is a pseudo-Riemannian hom-Lie algebra. If isomorphism
K is determined as
then we have
Moreover, using the above equations deduce
Thus K is an almost product structure on (g, [·, ·], φ g ). Since {e 1 , e 2 } ∈ g 1 and {e 3 , e 4 } ∈ g −1 , we also deduce that K is an almost para-complex structure on (g, [·, ·], φ g ). Moreover, we obtain
− < e i , e j >, for all i, j = 1, 2, 3, 4, and so But we obtain −2 < e 1 · e 2 , φ(e 3 ) >= −a < e 1 , e 3 > −b < e 2 , e 4 >= −2aA, which yields A 1 12 = a. Therefore we deduce e 1 · e 2 = ae 1 . This relation together [e 1 , e 2 ] = e 1 · e 2 − e 2 · e 1 imply e 2 · e 1 = 0. In a similar way, we can obtain the following e 1 · e 3 = be 4 , e 2 · e 2 = −ae 2 , e 2 · e 4 = ae 4 , and e 3 · e 1 = e 1 · e 4 = e 4 · e 1 = e 2 · e 3 = e 3 · e 2 = e 4 · e 2 = e 3 · e 3 = e 3 · e 4 = e 4 · e 3 = e 4 · e 4 = 0. 
Easily we can see that the Levi-Civita product computed in the above satisfies in (3.3). Thus
is a symplectic hom-Lie algebra, where
ii) g 1 and g −1 are subalgebras isotropic with respect to <, >, and Lagrangian with respect to Ω,
Proof. Applying (2.10) and (3.5), we obtain
for any u, v, w ∈ g. But using (2.11), (3.4) and the skew-symmetric property of φ g • K with respect to <, >, we acquire
Setting the above equation in (3.6) we get
Moreover, (3.5) implies
Therefore we have (i).
On the other hand, φ g • K is skew-symmetric with respect to <, >, hence we deduce < u, v >= 0. Similarly, it follows that <ū,v >= 0, for anyū,v ∈ g −1 . Thus g 1 and g −1 are isotropic with respect to <, >. Now we prove the second part. Let u ∈ g 1 . Since
Since Ω(u, v) = 0, it follows that Ω(ū, v) = 0, for any v ∈ g 1 . On the other hand, we have Ω(ū,v) = 0, for
Thus Ω(ū, v +v) = 0, and soū = 0 (because Ω is non-degenerate). Therefore (g 1 ) ⊥ ⊆ g 1 and consequently (g 1 ) ⊥ = g 1 . This shows that g 1 is a Lagrangian subspace of g with respect to Ω. In a similar way, we can deduce that g −1 is a Lagrangian subspace of g with respect to Ω.
To prove (iii), at first we show that K is a para-complex structure. Using (3.3) and (3.4), we get
On the other hand, using (ii) we have
Thus K is a para-complex structure on (g, [·, ·], φ g ). To complete the proof we check (3.2) for it. Since φ g • K is skew-symmetric with respect to <, >, then we have
which gives the assertion.
To prove (iv) we consider u ∈ g and v ∈ g
The above equation implies u.v ∈ g 1 . Similarly, it follows that u ·ū ∈ g −1 for anyū ∈ g −1 .
To prove (v), we let u ∈ g
which gives φ g (u) ∈ g 1 . Similarly, we obtain φ g (ū) ∈ g −1 for anyū ∈ g −1 .
Remark 3.6. According to part (v) of the above theorem, we can write
according to (i) and (iv) of the above theorem, a para-Kähler hom-
Lie algebra has two products, the Levi-Civita product and the hom-left symmetric product a associated
.
is a para-Kähler hom-Lie algebra, then for any u, v ∈ g 1 and u,v ∈ g −1 we have
Proof. We show that the Levi-Civita product induces a product on g 1 and g −1 , which coincides with the hom-left-symmetric product a. Since g is a symplectic hom-Lie algebra, then using (2.8) and (2.7), we
for any w ∈ g and u, v ∈ g 1 . On the other hand, (2.8), (3.5) and parts (i) and (v) of Theorem 3.5 imply
The above equation gives
Setting (3.8) and (3.9) in (3.7) and using the non-degenerate property of Ω and φ g we deduce u·v = a(u, v).
Similarly, we can obtain the second relation. 
Phase spaces and para-Kähler structures
is a symplectic form for any u, v ∈ V and α, β ∈ V * , then (V ⊕ V * , ω) is called phase space of V . 
If we denote by (φ g −1 (ū)) * , the corresponding element of φ g −1 (ū) ∈ g −1 in (g 1 ) * , then using (2.9) we get
Two above equations show that (φ g 1 ) 
of the hom-Lie algebra g 1 and (g 1 ) * , respectively, where L :
Proof. We must to show that
If we consider the hom-left-symmetric algebra g 1 , then for any u, v, w ∈ g 1 we have 
Proof. According to (2.5), it is sufficient to prove the following
On the other hand, for any w ∈ g 1 we have
Contracting the above equation with φ g 1 implies
Setting L u v = u · v in the above equation follows that
Proof. For any u, v ∈ g 1 and α, β ∈ (g 1 ) * we consider a bracket on the vector space g 1 ⊕ (g 1 ) * as follows
Also, we define morphism φ g :
Obviously, we have
Now, we check that the hom-Jacobi identity for it. We have
On the other hand, ((g 1 )
Two above equations imply
Proof. Let u, v ∈ g 1 and α, β ∈ (g 1 ) * . Then using the isotropic property of g 1 and (g 1 ) * we have
On the other hand, we obtain
Since g is a symplectic hom-Lie algebra, it follows that 
Proof. Let u, v ∈ g 1 and α ∈ (g 1 ) * . Then using (2.7), Corollary 2.18 and Koszul's formula we deduce
As <, > and φ
But using (2.7) and (2.8), we get
Setting two above equations in (4.4), we get a(u, α) = R t φ (g 1 ) * (α) u − ad 
Proof. Since L is a representation, using the above proposition we get
. In a similar way, the second part of the assertion yields.
Conversely, let V be a finite dimensional vector space and V * be its dual space. We suppose that (V, ·, φ) and (V * , ·, φ * ) are involutive hom-left-symmetric algebras where φ * = φ t . We extend the products of V and V * to V ⊕ V * , by putting
for any u, v ∈ V and for any α, β ∈ V * . Also, we define linear map Φ :
Corollary 4.11. Let u, v ∈ V and α, β ∈ V * . Then
Proof. Using (4.5), we obtain
for any u, v ∈ V and α ∈ V * . Similarly, we get the second part of the assertion.
is a hom-algebra, where · and Φ are given by (4.5) and (4.6) , respectively.
Proof. Using (4.6), we have
for any u + α, v + β ∈ V ⊕ V * , where u, v ∈ V and α, β ∈ V * . Since V and V * are hom-left-symmetric
The above equations and explanations deduce
Moreover L is an admissible representation on V . So from the above equation, we obtain
Hom-algebra (V ⊕ V * , ·, Φ) satisfying Theorem 4.12 is called extendible hom-algebra.
Proposition 4.13. If we consider two bilinear maps
Proof. Using the definition of ρ(u, α) and (4.5), we obtain
The above equation implies
Theorem 4.14. On an extendible hom-algebra (V ⊕ V * , ·, Φ), tensor curvature K of the product (4.5), satisfies the following
for any u, v, w ∈ V and α, β, γ ∈ V * .
Proof. We consider u, v, w ∈ V and α, β, γ ∈ V * . Since V and V * are hom-left-symmetric algebras, then we have
Applying (2.8) and (2.10), we get
which gives K(u, v)α = 0. Similarly, we obtain K(α, β)u = 0. Also (4.5) implies
Similarly, we obtain K(α, u)β = ρ(α, u)β. E-mail address: e-peyghan@araku.ac.ir, l-nourmohammadifar@phd.araku.ac.ir
